In this work, we extend the bottom-up reconstruction framework of F (R) gravity to other modified gravities, and in particular for f (φ)R and mimetic F (R) gravities. We investigate which are the important conditions in order for the method to work, and we study several viable cosmological evolutions, focusing on the inflationary era. Particularly, for the f (φ)R theory case, we specify the functional form of the Hubble rate and of the scalar-to-tensor ratio as a function of the efoldings number and accordingly, the rest of the physical quantities and also the slow-roll and the corresponding observational indices can be calculated. The same method is applied in the mimetic F (R) gravity case, and in both cases we thoroughly analyze the resulting free parameter space, in order to show that the viability of the models presented is guaranteed and secondly that there is a wide range of values of the free parameters for which the viability of the models occurs. In addition, the reconstruction method is also studied in the context of mimetic F (R) = R gravity. As we demonstrate, the resulting theory is viable, and also in this case, only the scalar-to-tensor ratio needs to be specified, since the rest follow from this condition. Finally, we discuss in brief how the reconstruction method could function for other modified gravities.
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I. INTRODUCTION
The last thirty years the observations coming from the Universe have offered many exciting moments to the scientific community. The first astonishing event was the observation of the late-time acceleration in the late 90's [1] , and thereafter, the Planck observations on the early-time evolution [2] , the observation of the merging of black holes which created gravitational waves [3] , and lately the observation of the two neutron stars merging [4] . The latter was particularly exciting, since we received both gravitational and electromagnetic waves. This offers fruitful phenomenological data, and with these the scientific community may impose stringent bounds on various theoretical frameworks [5] . In close connection to these issues, the lower mass limit of neutron stars may be even further constrained [6] , which in effect may favor some modified gravity theories which predict massive neutron stars [7, 8] which cannot be described by the Einstein-Hilbert framework.
In this line of research, the primordial era and the events generated during it, is one of the primary interests of cosmologists. The current constraints of Planck on the primordial era, and also the possible future observations, may shed light on the most mysterious era of our Universe's existence. One appealing candidate theory that describes in an accurate way the early-time era of our Universe is the theory of inflation [9] [10] [11] [12] [13] , which remedies many flaws of the standard Big-Bang cosmology. There are many theoretical frameworks which can successfully describe inflation, such as scalar-tensor approaches [9] and also modified gravity approaches [13] [14] [15] [16] [17] [18] , for which in many cases the compatibility with the Planck data [2] may be achieved. The other alternative theory that may also describe the primordial phases of our Universe is the bounce cosmology, which may also describe successfully in some cases the evolution of the Universe, see Refs. [19] [20] [21] [22] [23] for reviews and also [24] [25] [26] [27] [28] [29] [30] for an important stream of papers. Moreover, combination of inflationary and bounce cosmologies may also yield appealing results [31, 32] .
Due to the importance of the inflationary theories, it is compelling to have a considerable command on the theoretical frameworks that may successfully describe inflation, and also it is even more important to have a general guide on how to generate viable theories of inflation. To this end, in this paper we shall be interested in providing a general reconstruction method for some classes of modified gravity [13] [14] [15] [16] [17] [18] which may generate viable inflationary evolutions. Our approach will be a bottom-up method, in which starting from the scalar-to-tensor ratio, we shall fix it to have a desirable form, and from it we shall investigate which modified gravity can generate such a cosmology. In a recent work, we presented how this reconstruction technique may yield viable F (R) gravities, so in this work we generalize the bottom-up method to include alternative modified gravities. An alternative reconstruction scheme to ours, was recently presented by A. Starobinsky in [33] . Also there are also other alterative approaches to ours in the literature, that in some cases use the renormalization group approach [34] [35] [36] for F (R) gravity, see also [37] [38] [39] [40] , for scalar-tensor reconstruction from the observational indices theories.
In this work we shall be interested in f (φ)R and mimetic F (R) gravity theories. The attributes of f (φ)R theories are well-known, and also the mimetic framework [41] has recently become particularly well known, due to the various astrophysical and cosmological applications that this framework has. The mimetic framework was further studied in Refs. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] and also for a recent concise review on mimetic gravity see [60] . To our opinion, the most appealing features of mimetic gravity [41] , and also of mimetic F (R) gravity [49] , is firstly the fact that dark matter may be described in a geometric way without the need of the particle description [61] , and secondly, in many cases a viable inflationary era may be predicted, which can be in concordance with the latest Planck [2] and also with the BICEP2/Keck-Array data [62] . Since the future observational data can even further constrain the available theories, it is compelling to have alternative modified gravities which may pass the current tests, but also leave room for even further stringent constraints. As we demonstrate, it is possible to have such theories and in this work we shall provide a general method on how to obtain such theories. Particularly, we review in brief how the bottom-up reconstruction method works in the case of F (R) gravity and we present the functional form of the potential of the scalar-tensor counterpart theory. After this we study the f (φ)R theory and we present the bottom-up reconstruction method in this case. For the f (φ)R case, in order for the reconstruction method to work, it is required that the Hubble evolution is given, after choosing this appropriately in order for the accelerating phase to occur. So by fixing the Hubble rate and the scalar-to-tensor ratio, we obtain a differential equation which specifies the form of f (φ(N )). Accordingly, we find the functions V (N ) and φ(N ), and by inverting the latter, we can find the analytic forms of V (φ) and f (φ). After having all the above quantities available, we demonstrate that the resulting inflationary evolution is viable, in the context of the slow-roll approximation, by calculating the slow-roll indices and the corresponding observational indices, focusing on the spectral index of the primordial curvature perturbations and the already specified scalar-to-tensor ratio. Also we demonstrate that the viability of the model can be achieved for a wide range of the free parameters values. After the f (φ)R theory, we discuss the mimetic F (R) gravity, and we follow the same procedure, by specifying the Hubble rate H(N ) and the scalar-to-tensor ratio as a function of the e-foldings. After this we solve the resulting differential equations and we specify the F (R(N )) gravity. Also by using the analytic form of the scalar curvature, we can specify the function F (R) and from it the function f (R). Moreover, we specify the functional forms of the scalar potential and of the Lagrange multiplier corresponding to the mimetic theory. Having all the above quantities at hand, enables us to calculate the slow-roll indices and the corresponding spectral index of primordial curvature perturbations and the scalar-to-tensor ratio and we demonstrate that the resulting inflationary theory is viable. In addition, we show that in this case too, the viability can be achieved for a wide range of values of the free parameters. In all the aforementioned cases, special attention is given on the allowed parameter values, since the Hubble evolution must indeed describe an inflationary theory. Finally, in Appendix B, we address the F (R) = R mimetic gravity case and we discuss the viability of the model. This paper is organized as follows: In section II we review in brief how the bottom-up reconstruction method works in the case of F (R) gravity, focusing mainly on presenting the main features of the method and the results. Also we demonstrate that a viable inflationary evolution is possible in this case. Also we present the Einstein frame scalar potential of the scalar counterpart theory. In section III we study the bottom-up reconstruction method in the case of f (φ)R gravity. We use some appropriately chosen cosmological evolutions and we discuss how the viability can be achieved in this case. Also the viability of this model is thoroughly investigated. In section IV we perform the same analysis in the case of mimetic f (R) gravity, and we demonstrate that our bottom-up approach leads to a viable inflationary evolution. For all the models we study, we present detailed formulas of the various physical quantities and of the slow-roll indices, as functions of the e-foldings number. In this way, the viability of the models becomes quite easy to check in a straightforward manner. Finally, the conclusions along an informative discussion on the potential applications, appear in the end of the paper.
Before we start, let us briefly present the geometric background which we shall assume. Particularly, we assume that the background geometry has the following line element,
which is a flat Friedmann-Robertson-Walker (FRW) geometric background, with a(t) being the scale factor. Also, the metric connection is assumed to be a symmetric and torsion-less metric-compatible connection, the Levi-Civita connection.
II. RECONSTRUCTION OF VIABLE INFLATIONARY F (R) GRAVITY
In a previous work of ours [63] , we used the bottom up approach in order to find which f (R) gravity may produce a specific scalar-to-tensor ratio. In this paper we aim to generalize this bottom up approach to other modified gravities. However, before we get into the core of this paper, for completeness it is worth presenting in brief the results of the F (R) gravity case. For details we refer the read to Ref. [63] . In the slow-roll approximation, the slow-roll indices ǫ 1 ,ǫ 2 , ǫ 3 , ǫ 4 , for the pure F (R) gravity theory read [13, [64] [65] [66] [67] ,
with F R = dF dR , and
Moreover, the observational indices n s and r are [13, [64] [65] [66] [67] ,
where n s is the spectral index of the primordial curvature perturbations and r is the scalar-to-tensor ratio. The fact that the scalar-to-tensor ratio r is equal to the square of the first slow-roll index ǫ 1 may seem a bit strange, since in most cases of single scalar field inflation theories, r is proportional to ǫ 1 . This is the source of the difference, since we are considering a Jordan frame f (R) gravity, so the result applies only for f (R) gravity and also when the slow-roll approximation is used. It is worth proving this vague issue, although it appears in standard texts in the field, see [13] , so in the Appendix A, we provide a proof for the expression of r in the case of f (R) gravity.
As it was shown in Ref. [63] , the bottom up reconstruction method is based on the assumption that the scalar-totensor ratio has an appropriately chosen functional form, so we adopt the choice of [63] , and we set,
where N denotes the e-foldings number and c, q are free parameters. The scalar-to-tensor ratio as a function of N is,
where the prime indicates differentiation with respect to the e-foldings number N . By using Eqs. (4) and (5), we get,
which when solved it yields,
Also the spectral index as a function of N is,
so by using Eq. (7), we obtain,
In Ref. [63] , it was demonstrated that since the Hubble rate is given as a function of the e-foldings number N , the F (R) gravity can be found by using well-known reconstruction techniques [68] , and accordingly the viability of the theory can be checked. The resulting F (R) gravity which generates the evolution (7) can be found in closed form only in the case that c = √ 12, and it is equal to,
which is an alternative form of the well-known Starobinsky model [69] . Also, similar forms of F (R) gravity were studied in [70] . Due to the fact that , the spectral index as a function of N , is equal to,
so by choosing c = √ 12, N = 60 and q = −118, we obtain,
The 2015 Planck data constrain the observational indices in the following way, n s = 0.9644 ± 0.0049 , r < 0.10 ,
and in addition, the latest BICEP2/Keck-Array data [62] indicate that,
at 95% confidence level. Hence the resulting values of the observational indices (12) , are in concordance with both the Planck and the BICEP2/Keck-Array data.
Finally we need to show that the cosmological evolution (7) satisfiesä > 0, and hence it is an accelerating cosmology, where the double "dots" indicate differentiation with respect to the cosmic time. Thus we need the Hubble rate expressed in terms of the cosmic time, so we need to solve the following differential equation,
and by using (7) we obtain,
with Λ > 0 being a free parameter. Then Eq. (16) in conjunction with Eq. (7) , yield,
Therefore, it is easy to show that the resulting evolution yieldsä > 0. It is easy to obtain the scalar-tensor counterpart theory from the F (R) gravity theory, by using a conformal transformation which will bring the Jordan frame quantities to their Einstein frame counterpart. The canonical transformation that connects the Jordan with the Einstein frame is,
so by applying this transformation in the Jordan frame action of F (R) gravity, one obtains the Einstein frame potential, which is,
Let us investigate how the Einstein frame potential looks like for the F (R) gravity of Eq. (10), so by substituting the functional form of the F (R) gravity in Eq. (19), we obtain, the following scalar potential,
In principle, the observational indices for the Einstein frame scalar theory and for the Jordan frame F (R) theory should coincide [71, 72] , however the calculations in the Einstein frame must be performed carefully at leading order since the form of the potential makes compelling to us an approximate form for the potential. Nevertheless, the conformal invariant quantities, for example the spectral index n s , and the scalar-to-tensor ratio r are the same in both the F (R) frame and the corresponding Einstein frame.
In this section we consider f (φ)R theories of gravity, which describe non-minimally coupled theories of gravity, in which case the action is,
where f (φ) is an analytic function of the scalar field φ. In the literature there are various works for this class of modified gravity models, see [73] [74] [75] . By varying the action (21) with respect to the metric and with respect to the scalar field φ, we obtain the following equations of motion,
with the "dot" denoting as usual, differentiation with respect to the cosmic time. The slow-roll indices in the case of a non-minimally coupled scalar theory, are equal to,
and in this case the function E is equal to,
The spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio in terms of the slow-roll indices, are equal to,
and it is assumed that the slow-roll indices satisfy the slow-roll condition ǫ i ≪ 1, i = 1, .., 4. In addition, the parameter Q s in the case at hand is equal to,
We can find an approximate expression for the function Q s , by using the slow-roll approximation, so we find the slow-roll approximated gravitational equations of motion, which take the following form,
with the "prime" denoting this time differentiation with respect to the scalar φ. In view of the slow-roll approximated equations of motion, the parameter Q s becomes,
and in conjunction with Eq. (28), the parameter Q s finally becomes,
Hence, by combining Eqs. (112) and (30), we can find a simplified expression for the scalar-to-tensor ratio during the slow-roll era, which is,
Moreover, we may express the spectral index of the primordial curvature perturbations n s as a function of the slow-roll indices in the slow-roll approximation, which takes the following form,
The formalism we just developed, enables us to calculate analytically the observational indices during the slow-roll era, for any given function f (φ).
In the following we use a physical units system where κ = 1. Let us investigate how the slow-roll indices and the corresponding observational indices become when these are expressed in terms of the e-foldings number N . The slow-roll indices ǫ 1 (N ), ǫ 2 (N ) and ǫ 3 (N ), in terms of N become,
so the spectral index of the primordial curvature perturbations becomes,
and the scalar-to-tensor ratio is simply,
Now let us explain in detail the reconstruction technique in the case of f (φ)R gravity and it goes as follows: First find a suitably chosen cosmological evolution H(N ) that it's functional form and parameters will be chosen in order the scale factor with respect to the cosmic time satisfies eventuallyä > 0, which is the condition for an inflationary evolution. The second step of the reconstruction technique is to assume that the scalar-to-tensor ratio has a specific desirable form. In the f (φ)R gravity case, by assuming that the scalar-to-tensor ratio is equal to a function g(N ), that is r = g(N ), appropriately chosen, by using Eqs. (33) and (35), we obtain the differential equation,
Then by solving the above differential equation, one obtains the function f (N ), in an analytic form. Then the function φ(N ) may be obtained, by solving the slow-roll differential equation (28) , which in terms of the e-foldings number N it can be expressed as follows,
Once the function φ(N ) is obtained, the slow-roll index ǫ 2 (N ) can be obtained, and from it, the spectral index of the primordial curvature perturbations n s appearing in Eq. (34), can be calculated. At this step, the viability of the theory can be investigated explicitly, by appropriately adjusting the parameters of the theory. Eventually, the scalar potential of the theory can also be obtained in the slow-roll approximation, by inverting the function φ(N ), and by using the first relation in Eq. (27) . In order to illustrate the reconstruction technique from the observational indices for the f (φ)R theory, we shall assume that the Hubble rate is equal to,
which as we shall demonstrate in this section, it may lead to an inflationary theory, for whichä(t) > 0, for a wide range of the parameters γ, δ and the rest parameters of the resulting theory. Also we assume that the scalar-to-tensor ratio has the following form,
where c > 0, which implies that g(N ) = c N in Eq. (36) . By combining Eqs. (35) and (39), we obtain the following differential equation,
which can be analytically solved by using the functional form of H(N ) from Eq. (38) , and the resulting solution f (N ) is,
where C 1 is an integration constant. By using Eqs. (28), (38) and (41), the function φ(N ) can be obtained and it reads,
where C 2 is an integration constant. Then, by combining Eqs. (33), (38) (41) and (42), we obtain the slow-roll indices as functions of the e-foldings number, which are,
and the corresponding spectral index of primordial curvature perturbations are,
while the scalar-to-tensor ratio is given in Eq. (39). Now we can investigate the viability of the theory at hand, for various sets of values of the parameters, and we shall confront the theory with the Planck [2] constraints of Eq. (13) and with the BICEP2/Keck-Array [62] constraints appearing in Eq. (14). As we now demonstrate, the viability of the theory can occur for various sets of values for the free parameters. Consider for example the following set of values, δ = 0.22, c = 0.001, C 1 = 1, for which, by choosing N = 60 e-foldings, the spectral index reads n s = 0.963488, which is compatible with the Planck constraints (13) . Also by choosing, δ = −0.5, c = 0.001, C 1 = 0.034, again for N = 60 e-foldings, we obtain, n s = 0.966. Also, the value c = 0.001 in both cases, for N = 60, gives the scalar-to-tensor ratio the value r = 0.000166667, which is compatible with both the Planck and BICEP2/Keck-Array constraints. It is worth investigating the parameter space in more detail, and a simple analysis reveals that the spectral index is crucially affected by the parameters δ, c, and C 1 , and more importantly, it is independent of γ. In order to have a concrete idea for the parameter space, in Fig. 1 we plot the behavior of the spectral index n s as a function of the parameter c (upper left plot), for N = 60, δ = 0.22, γ = 30, C 1 = 1, as a function of δ (upper right plot) for N = 60, c = 0.001, γ = 30, C 1 = 1, and as a function of C 1 (bottom plot) for N = 60, δ = 0.22, γ = 30, c = 0.001. In all the plots, the dependence of the spectral index from the corresponding variable is the blue thick plot, while the upper red line and lower black curve in all plots, correspond to the values n s = 0.9693 and n s = 0.9595, which are the allowed range of values of n s , based on the Planck constraints (13) . As it can be seen, the compatibility with the Planck data can be achieved for a wide range of values of the parameters. Also in Fig. 2 we plot the behavior of the scalar-to-tensor ratio r, as a function of the parameter c, for N = 60 (green curve) and for N = 50 (purple curve). In all the plots, the flat red line indicates the upper limit constraint from the BICEP2/Keck-Array data (14) . Hence, the viability of the theory is guaranteed for the present f (φ)R theory. Now what remains is to find the scalar potential, and also to demonstrate that the cosmology (38) indeed describes an inflationary evolution withä(t) > 0. Now, let us calculate the scalar potential V (φ) in the slow-roll approximation, by using Eq. (27) . So by inverting φ(N ) in Eq. (42), we obtain,
So by substituting Eq. (45) in Eq. (27), we obtain the approximate form of the potential in the slow-roll approximation,
In the model of f (φ)R gravity we investigated, there appear four independent free parameters, namely δ, c, C 1 and C 2 , and also the e-foldings number N . The most important from a phenomenological point of view are c and δ. The parameter c enters in the expression of the scalar-to-tensor ratio in Eq. (39) , and of course the e-foldings number N , which for phenomenological reasons it is required to have values in the interval N = [50, 60] , in order to produce enough inflation. From the rest of the parameters, δ is essential in the theory, since the solution for the Hubble rate as function of the e-foldings number is important. We need to note that these free parameters are necessary in the reconstruction method we used, since we require from a theory to produce a specific form of the scalar-to-tensor ratio, so the parameter c is like the parameter α in the α-attractors theory [76] , so it is an inherent constant of the theory. The parameters C 1 and C 2 are simply integration constants introduced by solving the dynamical equations. Finally, the parameter δ controls the way that the Hubble rate scales as a function of N , so it will enter the final expression of the Hubble rate as a function of the cosmic time, see Eq. (50) below. Hence, only the parameters δ and c affect the Hubble rate, but all the parameters contribute to the physical observable quantities n s and r. Nevertheless, C 1 and C 2 merely depend on the initial conditions of the solutions.
In the analysis we performed so far, we discussed the behavior of the observational indices as functions of the free parameters, and we demonstrated that these can be compatible with the Planck data for a wide range of the free parameters. However we did not discuss the correlation between the spectral index and the scalar-to-tensor ratio. Indeed, this study is important since it is necessary to verify that the observational indices become simultaneously compatible with the observational data, for the same set of the free variables. In order to address this issue, in Fig. 3 , we plot the contour plots of the spectral index and of the scalar-to-tensor ratio as functions of the e-foldings number in the interval N = [50, 60] which correspond to the Planck constraints [2] , and for the scalar-to-tensor ratio for r < 0.07. As it can be seen in both plots of Fig. 3 , the blue lines in the left plot, and the dark blue region in the right plot, correspond to the allowed values of the observational indices, when these are constrained from the Planck data. Hence, the spectral index n s and the scalar-to-tensor ratio can be simultaneously compatible with the observational data, for a wide range of the parameters N and c. The same analysis can be carried out for the rest of the free parameters, however we omit it for brevity. Also the resulting behavior for n s is also compatible with the upper bound of the WMAP constraints [77] (the Planck constraints further the spectral index from below), which are,
With regards to the scalar-to-tensor ratio, the results are compatible with the constraints on it by the WMAP [77] , which are,
It is worth also providing some plots of the spectral index and of the scalar-to-tensor ratio, as functions of c and N . In Fig. 4 we plot the observational indices n s and r as functions of the e-foldings N , for various values of c, and for fixed δ and C 1 as in previous cases. Again, the upper red and lower red lines, indicate the upper and lower Planck constraints on the spectral index, and the upper and lower black indicate the upper and lower constraints of the spectral index coming from WMAP [77] . As it can be seen in Fig. (4) , n s and r are simultaneously compatible with the Planck data and also with the WMAP data.
At this point, we shall investigate whether the cosmological evolution (38) produces an inflationary cosmology witḧ a(t) > 0. The analysis is important, since we shall use the same Hubble rate for the mimetic F (R) gravity case in the next section. By using the definition of the e-foldings number, and by inverting the resulting N (t), the Hubble rate as a function of the cosmic time is,
The corresponding scale factor is,
where C 6 is an integration constant, so the second derivative of the scale factor is, a(t) = C 6 (δ + 1)
If the parameter δ takes negative values, the functionä is always positive, however, if δ takes positive values, γ has take very large values, however the parameter γ does not affect the observational indices, as we demonstrated earlier. This analysis will hold also true for the mimetic F (R) gravity case, where we shall assume that the Hubble rate is also given by (38) . Let us now consider another cosmological evolution, in which case the Hubble rate is,
which as we demonstrate later on section, it leads to the inflationary theory (50), for which as we will demonstrate, we haveä(t) > 0. Also we assume that the scalar-to-tensor ratio is equal to,
where c > 0 and q is a real number, which implies that g(N ) = c N +q in Eq. (36) . By combining Eqs. (35) and (39), we obtain,
and by solving it, we obtain the function f (N ) which is,
where C 1 is again an integration constant. By using Eqs. (28), (38) and (41), the function φ(N ) reads,
where C 2 is an integration constant. Then, by using Eqs. (33) , (38) (41) and (42), the slow-roll indices read,
and the spectral index can be easily calculated and it reads,,
and the scalar-to-tensor ratio is given in Eq. (54) . Having the observational indices at hand, we can investigate the viability of the present theory, by using various values for the parameters. As we show, the viability easily comes, consider for example the set of values δ = 0.5004, c = 0.001, C 1 = 1, q = 1, the spectral index reads, n s = 0.96844, and the scalar-to-tensor ratio is r = 0.000015873, which are compatible with the Planck constraints (13) and the BICEP2/Keck-Array data (14) . In . In all the plots, the spectral index dependence is the blue thick plot, while the upper red line and lower black curve correspond to the values n s = 0.9693 and n s = 0.9595. In this case too, the compatibility with the Planck data is achieved for a wide range of values of the parameters. Moreover, in Fig. 6 we plot the scalar-to-tensor ratio r, as a function of the parameter c, for N = 60, q = 1 (left plot) and for N = 60, c = 0.001 (right plot). As in the previous scenario, the red line indicates BICEP2/Keck-Array constraint. Hence, in this case the viability of the theory is guaranteed for a wide range of the parameters values. Also it is easy to show that the resulting potential is identical with the one appearing in Eq. (46) In addition, by using (49), we obtain the function N (t), which is,
where C 5 is an integration constant, and by choosing C 5 = 0, the Hubble rate is identical to the one appearing in Eq. (50) . Hence by choosing the value of γ ≫ 1, we can obtainä > 0 1
IV. RECONSTRUCTION OF VIABLE INFLATIONARY MIMETIC F (R) GRAVITY
In this section we shall consider the realization of the viable cosmological evolutions of the previous section, in the context of another popular modified gravity, the mimetic F (R) gravity. In the context of mimetic F (R) gravity, the conformal symmetry is not violated, but actually it is a conserved internal degree of freedom [41] . More importantly, it has been recently shown that the mimetic gravity contains ghosts [57, 78] , and it is possible to formulate it in such a way, so that the resulting theory is ghost free [78] . Let us recall in brief, the theoretical framework of mimetic F (R) gravity, which we shall extensively use in the rest of this section. In mimetic gravity, there are two metrics, the physical metric g µν and the auxiliary metricĝ µν , and by using an auxiliary scalar field φ, it is possible to express the physical metric tensor in terms of the auxiliary metricĝ µν and the scalar field φ, in the following way,
Then, from Eq. (61), it follows that,
Under the Weyl transformationĝ µν = e σ(x) g µν , the parametrization of the metric (61), is invariant, and in effect, the auxiliary metricĝ µν does not appear in the resulting gravitational action of the theory. In the following we shall assume a flat FRW metric of the form (1), in which case the scalar curvature has the form R = 6 Ḣ + 2H 2 , with H being the Hubble rate, and also we shall make the assumption that the scalar field depends only on the cosmic time.
The mimetic f (R) gravity vacuum gravitational action has the following form [49] ,
The functions V (φ) and λ(t), are the scalar potential of the auxiliary scalar field, and the Lagrange multiplier of the theory. By using the Lagrange multiplier, the mimetic constraint can be realized, as we now demonstrate. By varying the gravitational action (63) with respect to the physical metric g µν , we obtain the following gravitational equations of motion,
where F = ∂f ∂R . Additionally, by varying the gravitational action of Eq. (63), with respect to the auxiliary scalar field φ, we obtain the following equation,
where the "prime" in this instance indicates differentiation with respect to the auxiliary scalar φ. Also, by varying the gravitational action with respect to λ, we obtain the following equation,
By assuming that the physical metric is described by the FRW metric (1), and also that the auxiliary scalar depends only on the cosmic time, the gravitational equations of motion (64), (65) and (66) take the following form,
where the "dot" denotes differentiation with respect to the cosmic time t. Moreover, only for this instance, the prime in Eq. (69) denotes differentiation with respect to φ. From the mimetic constraint (69), it easily follows that the identification of the auxiliary scalar field with the cosmic time is possible, that is φ = t. The latter identification is also possible in the context of Einstein-Hilbert mimetic gravity, see Ref. [41] . By using the identification φ = t, the gravitational equation (68) can be cast in the following form,
and in effect, the mimetic scalar potential V (φ = t) in terms of the Hubble rate and the f (R) gravity of the theory, is equal to,
In effect, if we combine Eqs. (72) and (67), we may obtain the analytic form of the Lagrange multiplier function λ(t) in terms of the Hubble rate and the F (R) gravity,
By using the above equations and expressing these in terms of the e-foldings number, we will have a reconstruction method at hand which will enable us to generate viable inflationary cosmological evolutions in the context of mimetic F (R) gravity. We shall explain in more detail the reconstruction method from the observational indices, but let us first recall the essential features of inflationary dynamics in the context of mimetic F (R) gravity. For more details on these issues consult the review [13] and also Ref. [79] . The inflationary dynamics of mimetic F (R) gravity in the Jordan frame is captured by the slow-roll indices ǫ i , i = 1, ..., 4. We shall assume that the slow-roll conditions holds true, in which case the following conditions hold true,
with H being the Hubble rate, and in effect the resulting slow-roll indices are simplified to a great extent, as we show shortly. With the mimetic constraint (70) holding true, which results to φ = t as we showed, the mimetic F (R) gravity theory, with Lagrange multiplier and scalar potential, can be regarded as a generalized F (R, φ) scalar-tensor theory, with the action being cast as follows,
in which case the kinetic term is ω(t) = −2λ(t), and the corresponding generalized scalar potential V(t) has the form V(t) = λ(t) − V (t). In the case at hand, the slow-roll indices take the following form [13] ,
where the function E(R, φ) has the following form,
Due to the mimetic constraint identification φ = t, and also due to the fact that ω(t) = −2λ(t), the slow-roll indices can be cast in the following form,
and the function E may be expressed as follows,
Accordingly, for the theory at hand, after calculating the slow-roll indices, the observational indices can be calculated, and we shall be mainly interested in the spectral index of the primordial curvature perturbations and also in the scalar-to-tensor ratio, which are in this case [13] ,
The reconstruction method can be revealed once the above quantities can be expressed in terms of the e-foldings number. Apparently, the expression for the scalar-to-tensor ratio corresponding to the mimetic f (R) gravity is different in comparison to the standard f (R) gravity. In the Appendix C we prove the relation r ≃ 16(ǫ 1 + ǫ 3 ), which holds true only if the slow-roll approximation is assumed. So let us express the slow-roll indices in terms of the e-foldings number, so the slow-roll indices (78) for the mimetic F (R) gravity are,
, where the prime indicates differentiation with respect to the e-foldings number. The corresponding spectral index of the primordial curvature perturbation is equal to,
while the scalar-to-tensor ratio is,
Now the reconstruction technique is based on the slow-roll assumption, in which case the scalar curvature is approximately equal to,
so by specifying the Hubble rate and also by assuming that the scalar-to-tensor ratio has a particular desirable form r = g(N ), from Eq. (83) we obtain the following differential equation,
which when solved, the function F (N ) is obtained. Then by inverting Eq. (84), we obtain the function N = N (R), so by substituting in the resulting F (N ) gravity, we obtain the function F (N (R)). Accordingly, by integrating once with respect to the Ricci scalar, we obtain the function f (R). After this step, it is possible to calculate the functions λ(N ) and V (N ) from Eqs. (72) and (73) . These equations in terms of the e-foldings number N become,
Having these at hand, the spectral index can be calculated, and the viability of the resulting inflationary theory can be investigated thereafter. We shall consider two types of cosmological evolutions, which we used in the previous sections, namely the inflationary cosmologies with the Hubble rates appearing in Eqs. (38) and (53) . We start of with the cosmological evolution (38) , so let us assume that the scalar-to-tensor ratio is, 
which can be solved analytically, and the resulting F (N ) function is,
with C 1 being an integration constant. The scalar curvature R in terms of N is R = 12γ 2 N −2δ , so by inverting this, we obtain the function N (R) = 2 1/δ 3 1 2δ
. Hence the function F (R) is equal to,
and by integrating, we obtain the f (R) gravity which is,
Having this at hand, the function f (N ) easily follows, and it reads,
Accordingly, the mimetic potential can be found from Eq. (86), and it reads,
, and also the Lagrange multiplier λ(N ) reads,
(95) Having the analytic form of the scalar potential and of the Lagrange multiplier, we can calculate the slow-roll indices, the analytic form of ǫ 1 , ǫ 2 and ǫ 3 is,
while the slow-roll index ǫ 4 is,
Accordingly, by substituting these in Eq. (80), the spectral index reads,
while the scalar-to-tensor ratio is given in Eq. (88). As we now demonstrate, the theory at hand is viable for a wide range of the parameters γ, δ and c, which mainly affect the observational indices. For example, if we choose c = 0.01, δ = −2, γ = 5.9 × 10 3 , C 1 = 1 and C 2 = 1, and for N = 60 e-foldings, the spectral index is found to be equal to n s = 0.96761, which is compatible with the Planck data (13) . For the same choices of values, the scalar-to-tensor ratio reads r = 0.000166667, which is compatible with both the Planck and the BICEP2/Keck-Array constraints (14) . As it can be checked, the integration constants C 1 and C 2 do not crucially affect the observational indices. As we mentioned, the compatibility with the observational data can be achieved for a wide range of parameters, so let us demonstrate this by using some illustrative figures. In Fig. 7 , we plot the functional dependence of the spectral index as a function of c (upper left plot) for N = 60, δ = −2, γ = 5.9 × 10 3 , C 1 = 1 and C 2 = 1, as a function of δ (upper right plot), for c = 0.01, γ = 5.9 × 10 3 , C 1 = 1 and C 2 = 1 and finally, as a function of γ, for c = 0.01, δ = −2, C 1 = 1 and C 2 = 1 (lower plot). As in the previous cases, the upper red line and lower black curve correspond to the values n s = 0.9693 and n s = 0.9595. As it can be seen in all the plots, the compatibility with the observational data can be achieved for a wide range of the free parameters, and in some sense this was expected since the theory has too many free parameters. The same behavior occurs for the scalar-to-tensor ratio too, and in Fig. 8, we scalar-to-tensor ratio r, as a function of the parameter c, for N = 60. By using the relation for N (t), which can be induced by using Eqs. (49) and (50), and since that due to the mimetic constraint, φ = t, we can find the potential V (φ) and the Lagrange multiplier λ(φ) as a function of φ, but we omit these for brevity. Also, for the choices of the variables we adopted in this case, the cosmological evolution is accelerating, as it can be checked by using Eq. (50) . Now let us consider the cosmological evolution appearing in Eq. (53), and we assume that the scalar-to-tensor ratio has the following form,
with c > 0, so in effect we have g(N ) = 
and by solving it we obtain the F (N ) function, which is,
where C 1 is an integration constant. In this case too we assume that the slow-roll condition holds true, so the scalar curvature is approximately R = 12H 2 , so in view of the choice (53), the scalar curvature is R ≃ 12γ 2 (N + q) −2δ , and by inverting we obtain N (R) = 2 1/δ 3 1 2δ
and in effect, the f (R) gravity is,
where C 2 is an integration constant. Accordingly, the function f (N ) is equal to,
Having f (N ) at hand enables us to find the analytic form of the mimetic potential (86), which is,
and accordingly the Lagrange multiplier λ(N ) is,
With the analytic form of f (N ), F (N ), V (N ) and λ(N ) available, we can proceed to the calculation of the slow-roll indices, and the first three are,
while ǫ 4 is too long to present it here, but it can be calculated accordingly. The spectral index (80) in the case at hand can also be calculated, but it has an extended form so we omit for brevity, and the scalar-to-tensor ratio is given in Eq. (99). Now let us examine the viability of the model at hand, in which case there are many free parameters. However, the ones which crucially affect the behavior of the observational indices are c, q, γ and δ. The viability comes easily, since there are many free parameters so there is a wide range of available choices. For example, if we choose, c = 0.01, δ = 2.2, γ = 2, C 1 = 1, C 2 = 1 and q = 9 the spectral index is n s = 0.965881, which is within the range of the Planck constraints (13) , and the corresponding scalar-to-tensor ratio is, r = 0.000144928, which is in concordance with both the Planck and the BICEP2/Keck-Array data (14) . In Fig. 9 , we present the plots of the spectral index as a function of c (upper left plot) for N = 60, δ = 2.2, γ = 2, C 1 = 1, C 2 = 1 and q = 9, as a function of δ (upper right plot), for c = 0.01, γ = 2, q = 2 C 1 = 1, C 2 = 1, as a function of γ, for c = 0.01, δ = 2.2, C 1 = 1, C 2 = 1 and q = 9 (lower left plot) and finally as a function of q (lower right), for c = 0.01, δ = 2.2, γ = 2, C 1 = 1 and C 2 = 1. As in all the previous cases, the upper red line and lower black curve denote the values n s = 0.9693 and n s = 0.9595. Also in Fig. 10 we plot the behavior of the scalar-to-tensor ratio as a function of the parameter c (left plot) and as a function of the parameter q (right plot), for N = 60. As it can be seen in this case too, the scalar-to-tensor ratio is compatible with both the Planck and BICEP2/Keck-Array data. Finally, the potential and the Lagrange multiplier can be expressed as a function of φ = t, but we omit this task for brevity.
V. CONCLUSIONS
In this paper we extended the theoretical framework of the inflationary F (R) gravity bottom-up reconstruction technique from the observational indices, to other modified gravities, and particularly to f (φ)R and mimetic F (R) gravities. After we briefly reviewed the essential features of the F (R) gravity case, we discussed how the inflationary reconstruction technique works in the f (φ)R case. The method in this case works if the Hubble rate and the scalar-totensor ratio are fixed to have a particular form, expressed as functions of the e-foldings number N . Special attention must be paid in the form of the Hubble rate, since this must yield a cosmology which is accelerating, so it satisfies a > 0. We provided detailed formulas for all the physical quantities relevant to the theory and also we expressed the slow-roll indices as functions of the e-foldings number N . Accordingly, we assumed the slow-roll condition to hold true and we calculated in detail the spectral index of the primordial curvature perturbations, which we expressed as function of the e-foldings number N too. With regard to the viability of the resulting inflationary theory, the scalarto-tensor ratio was chosen in such a way so that it is compatible with the current observational constraints coming from the Planck data [2] but also from the BICEP2/Keck-Array data [62] . As we showed, the spectral index can be compatible with the current observational constraints, if the parameters are appropriately chosen. The viability of the theory occurs for a wide range of the free parameters values, and we illustrated this by using various plots of the observational indices as functions of the free parameters. For the f (φ)R analysis, we used two accelerating cosmological evolutions, and in both cases the resulting inflationary cosmologies are viable, with the viability being guaranteed for a wide range of the free parameters values. Accordingly, we performed the same analysis for the mimetic F (R) gravity, and we showed how the method functions in this case and also we demonstrated that the resulting inflationary cosmologies are viable. Finally, in the Appendix B we address the F (R) = R mimetic gravity case and we discuss the viability of the model. In this case, as we will demonstrate, only the scalar-to-tensor ratio needs to be specified, and the cosmological evolution is reconstructed from this condition. As we will show, in this case too the viability of the model is guaranteed.
The reconstruction technique from the observational indices we developed in this paper can in principle be extended to other modified gravities, however we need to stress that for the cases studied in this paper, the input for the calculations are only the Hubble rate and the scalar-to-tensor ratio. To be more specific, one needs to fix only the Hubble rate and the scalar-to-tensor ratio to have a desirable form, in order to find which theory can produce a viable inflationary evolution. However, if the same method is applied to more complex theories, such as f (R, φ) or F (R, G) theories, the Hubble rate and the scalar-to-tensor ratio may not suffice to find all the essential elements of the theory. For example, for the f (R, φ) theory, it is compelling to specify the functional dependence of f (R, φ) with respect to the Ricci scalar R. A particularly interesting scenario which we did not present in this paper is the R 2 f (φ) case, or more generally the case f (R, φ) = F (φ)g(R). Another interesting class of models might be f (R, φ) = F (R) + g(φ), which to our opinion is more interesting since the f (R) gravity might be chosen to be a viable theory, such as the Starobinsky model R + αR 2 [69] , or similar. Moreover, the choice of the Hubble rate is in principle arbitrary, with the only constraint being that the resulting theory should be accelerating, that is, the resulting scale factor as a function of the cosmic time must satisfyä > 0. Also in this paper we used mainly two types of cosmologies and two forms of the scalar-to-tensor ratio. In principle it is possible to combine the Hubble rates and the forms of the scalar-to-tensor ratio, for example the Hubble rate can be chosen to be H(N ) = γN −δ and the scalar-to-tensor ratio can be chosen as r = c N +q , with q being an arbitrary parameter.
Finally, the analysis we performed can easily be extended to other modified gravities, for which the spectral index of the primordial curvature perturbations and the scalar-to-tensor ratio can be expressed in terms of the slow-roll indices. Also it is possible to perform the same analysis for perfect fluid theories. We hope to address some of the above issues in a future work. action is,
where f (R, φ) is a smooth function of the Ricci scalar and of the non-canonical scalar field. The slow-roll indices are defined [13] ,
with f R = ∂f (R,φ)
∂R . Also E appearing in Eq. (109) is defined as follows,
In addition we define the following function, Q s ,
which is essential for the calculation of the scalar-to-tensor ratio during the slow-roll era for f (R) gravity. Actually, the observational indices in the case that ǫ i ≪ 1, i = 1, .., 4, are,
In the case of f (R) gravity, ω = 0 and ǫ 2 = 0 so the slow-roll indices become, 
Also Q s becomes,
and from the definition of ǫ 3 =ḟ R 2HfR , where now f R = ∂f (R) ∂R , the quantity Q s reads,
So by substituting Q s from Eq. (115) in Eq. (112), the scalar-to-tensor ratio reads eventually, r = 48 ǫ 2 3
(1 + ǫ 3 ) 2 .
Due to the slow-roll condition ǫ 3 ≪ 1, the scalar-to-tensor ratio reads,
and due to the fact that ǫ 1 ≃ −ǫ 3 from Eq. (113), the scalar-to-tensor ratio finally reads, r ≃ 48ǫ 
This concludes the proof for the expression of the scalar-to-tensor ratio appearing in Eq. (3). It can be checked that in the case of the Starobinsky R 2 model, the expression (118) yields the standard result r = 12/N 2 , see for example the review [13] . We need to note that the expression (118) provides the Jordan frame expression of the scalar-to-tensor ratio.
As it can be checked, the compatibility with both the Planck and the BICEP2/Keck-Array constraints can be obtained for various values of the free parameters. For example, if we choose N = 60, c = 2 and γ = 1221.59, the spectral index becomes equal to n s = 0.966, while the scalar-to-tensor ratio reads r = 0.0333333. We can easily find the scalar potential and the Lagrange multiplier as a function of φ, by solving the differential equation N (t) =Ḣ(N (t)), with the Hubble rate H(N ) appearing in Eq. (123), so the resulting N (t) is, N (t) = 16 
and also by using (127), the Lagrange multiplier reads, 
Let us now investigate various alternative forms of the scalar-to-tensor ratio, so let us start with the choice,
In this case, the differential equation (121) yields the following Hubble rate,
with γ > 0. The corresponding scalar potential (72) reads,
while the Lagrange multiplier (73) is in this case,
The corresponding slow-roll indices are, 
and the corresponding spectral index is, 
As it can be checked, in this case too, the observational indices can be compatible with the observational data for various choices of the free parameters. For example, by choosing N = 60, c = 1 and γ = 81416, then we obtain n s = 0.966, and the scalar-to-tensor ratio is r = 0.000277778 and thus the observational indices are compatible with both the Planck and the BICEP2/Keck-Array data. Finally, let us assume that,
in which case, the Hubble rate is, 
